1. Introduction. This paper is concerned with four problems which arise in elementary linear theories of the transverse vibration of strings, membranes, and beams. The problems are:
A. T(t)uxx = utl and «(0, t) = u(L(t), t) = 0; B. (xux)x = u" and u(L(t),l) = 0\ C. T(t)(xux)x = xutt and u(L(t), t) = 0; D. uxxxx + utt = 0 and m(0, t) = ux(f), t) = u(L(t), t) = ux(L(t), t) = 0.
In A, it is envisaged that a string, of unit density, is stretched to a tension T(t) and the end x = 0 is held fixed. A heavy ring is moved along the string, its position being x = Lit), and the effect of the ring is to nullify the displacement u.
In B, a string (or chain) of unit density is suspended under gravity, and the gravitational acceleration is taken to be unity. The lower end x = 0 is free and the tension is x, the x-axis being directly vertically upward. As in problem A, a heavy ring is moved along the string; the position of the ring is x = L(t), and the ring nullifies the displacement.
In C, x is distance from the origin in the plane and would more usually be denoted by r. A membrane, of unit density, is stretched to a tension T(t) and occupies the disk 0 < x < L(/). The displacement is assumed to depend on x and t only and to vanish at the moving boundary x = L(t).
In D, a beam, of unit density and unit flexural rigidity, undergoes transverse vibration and the end x = 0 is clamped. A sleeve is moved along the beam, its position being x = L(t), and the action of the sleeve is to nullify both the displacement u and the slope ux.
The behavior of u is made complicated, in all four problems, by the fact that the interval 0 < x < L(t), to which the spatial variable x belongs, varies with the time t. In cases A and C, there is the additional complication of a coefficient T(t) that varies with t. Both L and T are understood to be strictly positive and slowly-varying; what the latter qualification means will be explained later. Our methods would allow us to treat the, admittedly artificial, generalization of B in which the gravitational acceleration varies slowly with t.
It is supposed throughout that u(x, t) is defined whenever 0 < x < L(t) and 0 < t < oo and has as many continuous derivatives as our arguments require.
Our purpose is to study the behavior of the energies E associated with the four problems. To within irrelevant factors, these are, respectively:
If L (and T as well in problems A and C) were constant the same would be true of E, and so it is natural to ask how E changes when L and T are slowly-varying. Two pieces of evidence suggest that it may be possible to obtain quantitative information about the behavior of E.
The first piece of evidence is provided by what is known about the Lorentz pendulum-a pendulum whose length is slowly-varying. In that case, the energy is approximately proportional to the frequency or, what amounts to the same thing, the product (length)1/2 X energy is an adiabatic invariant.
Although there is an extensive literature on Lorentz's problem, we shall refer only to Littlewood's paper [1] (reprinted in the collection [2] , pp. 356-365). At first sight, Littlewood's methods appear to be highly specific to Lorentz's problem but, and this is the second piece of evidence, they can be adapted to construct adiabatic invariants for certain partial differential equations with slowly-varying coefficients [3] , The methods of [3] show that for problems A and C the product T~l/2 ■ E is an adiabatic invariant provided L is constant, but the possibility that L might change was not contemplated in that paper.
What will be established here is that the products
are adiabatic invariants for problems A, B, C, D, respectively. Problem B corresponds to a flexible pendulum of slowly-varying length L, and it is, therefore, not altogether surprising that the adiabatic invariant L1/2 • E should prove to be the same as for the Lorentz pendulum. It is supposed that u vanishes at the moving boundary x = L, i.e., u(L(t),t) = 0, 0 < / < oo. (2.
2)
The additional condition
is imposed when a = 0 but not otherwise.
Our objective is to show that
is an adiabatic invariant; if so, E must decrease as L increases, because a < 2 + b, but must increase as T increases. In order to verify our assertion we start by assembling a number of preliminary formulae and estimates. First, we express the energy E= f (Tx"u2x + xbuf) dx (2.5)
•'o as the sum of the potential and kinetic energies 
Jo
According to (2.1),
where we have used the fact that x"uxut vanishes at x = 0 (when a = 0 the additional boundary condition (2.3) is needed). Hence E = (LTxau\ + Lxhu] + 2Txauxu,) \X_L + TT~lJ.
On the other hand, the boundary condition (2.2) implies that (Lux + ut)\x_L = 0. Thus, we can substitute ~Lux for u, to deduce the formula E = -L(LaT -LhL2){u;)\ x=L+ TT~lJ. We pause to note that (2.8) agrees, at least qualitatively, with our expectation about the dependence of E on L and T. Indeed, E increases as T increases, at constant L; and E decreases as L increases, at constant T, provided that L2 < La~bT.
Next, we return to (2.7) and find the derivative of F to be It is (2.13) which provides the key to the proof that / is an adiabatic invariant; before the proof can be completed, though, certain bounds on F. F, and G are required.
In order to estimate F, we begin by remarking that the restrictions on a and b ensure the existence of the repeated integral u(x,t)2 < fL y'"dy-fL yauv(y,t)2 dy < fL y'" dy ■ TlJ.
On multiplying through by xh, integrating with respect to x, and using the remark just made, we see that
where c2 is the reciprocal of (1 + b)(2 + b -a). Next, we turn to (2.9) and use the Schwarz inequality and (2.15) to obtain \F\H 2(FK )1/2 < 2c<j>(JK )1/2.
However, the arithmetic-geometric mean inequality yields 2(JK)1/2 < J + K = E, and so | F | < cl. We require L and T to be "slowly-varying" in the sense that (i) there are positive constants A, jii, a, t such that 0 < X < L(t) < jn and 0 < a < T(t) < r, The first conclusion to be drawn from (3.7) is that H tends to a limit H(co) as t -» oo. For, a standard argument assures us that either H vanishes identically on 0 < t < oo, in which case //(oo) exists and equals 0, or H is strictly positive on 0 < / < oo. In the latter case, the integral
Jo Jo must converge because the integrals (3.1) converge. It follows that log H tends to a limit as t -* oo, and hence H itself tends to a limit. The convergence of / to a limit now follows almost immediately. Indeed, the argument of the preceding paragraph shows that H is bounded and, by (3.6), so are F and G. On letting t -* oo in (3.4), and recalling that £ -* 0 and ri -> 0, we see that / tends to a limit /(oo), which must coincide with //(oo).
The next step is to produce explicit bounds on //, F, and G. If 0 < / < T < oo, the (tF+iOdt, t and, when we substitute for H from (3.4), we find r°0
. .
Finally, we estimate the right-hand side with the help of (3.9) and arrive at the inequality (3.3); thus the verification that / is an adiabatic invariant is complete.
4. An adiabatic invariant for D. Although problem D is not covered by the arguments of Sees. 2 and 3, it can be handled by much the same methods.
To begin with, we note two consequences of the fact that u = ux = 0 at the moving boundary This accords, at least qualitatively, with the claim that L2 ■ E is an adiabatic invariant, for it tells us that E decreases as L increases and increases as L decreases.
The first derivative of F is and the boundary conditions, we find that Finally, we note that, in the light of (4.7), -£ (* -iK* and, therefore, |uv| < J0L \uvv\dy < L1/2J1/2. Thus, [ u2.dx < L2J.
•*0
On returning to the definition of G and using the arithmetic-geometric mean inequality in the form 2|«tM,| < L~lul + Luj we see that \G\*Z L f (L~luI + Lu2) dx < L(ZJ + LK) = L2E, It is now possible to prove that I is an adiabatic invariant by introducing the sum H = I + LL{-\F + G) and arguing, much as before, on the basis of (4.6), (4.9), and (4.10).
Thus, we require L to be "slowly-varying" in the sense that (i) there are positive constants A and ju such that 0 < A < L(t) < ju, (ii) L(t) -> 0 as t -> oo, (iii) the integrals 
